Abstract. We study regularity of viscous incompressible fluid flows in a 2D channel with "do nothing" outflow boundary condition on the output for the steady Stokes and Navier-Stokes equations.
Introduction
Let Ω ∈ C 0,1 be a two-dimensional bounded domain. Ω represents a channel system filled up by a moving fluid. Let where u = (u 1 , u 2 ) is velocity, ν denotes the kinematic viscosity (ν is a positive constant), P represents pressure, f is a body force, F i are given constants and n i = n(Γ N , i = 1, . . . , m, denotes the open parts of the channel system. It is matter of discussion which boundary condition should be prescribed on the outlets of the channel system. We study here the boundary regularity of the solution to the mixed problem for the Navier-Stokes equations with the boundary condition (1.4) on the open parts of the channel system. The boundary condition (1.4), often called "do nothing" boundary condition, results from a variational principle and has been proven to be convenient in numerical modeling of parallel flows. Fore more informations about application of this boundary condition and the physical meaning of the quantities F i we refer to [1] , [3] , [4] , [10] . The Γ (i) N , i = 1, . . . , m, are taken to be straight and orthogonal to the axis of the i−th outlets. Moreover, we assume that Γ D is smooth. These assumptions guarantee that singularities of the solutions can occur only in a neighborhood of boundary points, where the boundary conditions change. If corner points appear in Γ D we refer the interested reader to classical results for the Dirichlet problem by Kondrat'ev [5] .
The existence of a unique solution of (1.1)-(1.4) was proved in [8] for data "near" values corresponding to already known solutions. In [7] , the authors have formulated (1.1)-(1.4) as a variational inequality including the energy bound as a constraint. In the present paper, we calculate the regularity of solutions near points, where the boundary conditions change, under the assumption that the data of the problem are "small enough". Problem to prove the existence of global smooth solutions for general data (even in 2D) remains still open. Remark 1.1. Usually, for steady flows, the quantities F i are prescribed constants. Since there is no influence of F i in (1.4) on the regularity of solutions, we will assume throughout this paper, without loss of generality, that F i ≡ 0, i = 1, . . . , m.
The linearized problem
(Ω) and omit the domain Ω in the notation. Note that V 0,2 and V 1,2 are Hilbert spaces with scalar products
The associated pressure P is a scalar function such that u and P satisfy the equation (1.5) in Ω in the sense of distributions. It is well known that there exists a uniquely determined weak solution (u, P) of the linearized problem (1.2)-(1.5) for every f ∈ (V 1,2 ) * . We study regularity of the solution (u, P) near the corner point A with corresponding angle ω A = π 2 , where the boundary conditions change. The regularity problem in the cornered plane domain is solved using the weighted Sobolev spaces.
with respect to the norm
Note that the Stokes system with mixed boundary conditions (1.2)-(1.5) yields an elliptic boundary value problem in the sense of Agmon, Douglis and Nirenberg (ADN). To achieve the regularity results we apply the general theory of ADN systems and follow the ideas of Kondrat'ev, who developed the "Fourier technique" for linear elliptic boundary value problems in domains with corner points. Since the investigation of the regularity is a local problem, we will study the regularity of the weak solution near the corner points. After localizing the problem at each corner of the domain, i.e. identifying the origin of coordinates with the corner point, e.g. A, and multiplying the weak solution by a cut-off
one transforms the boundary value problem in a bounded domain to a boundary value problem in an infinite angle K. By means of the change of coordinates (x 1 , x 2 ) → (ω, ξ), where ξ = log r, (ω, r) are the polar coordinates with the origin A, we get the so called model problem in an infinite stripS. We apply the Fourier transform with respect to real variable ξ ∈ R to obtain the corresponding system of ordinary differential equations in variable ω with a complex parame-
In the sequel we denote shortly A(λ) ≡ A(ω, ∂ ω , λ). A(λ) denotes the operator pencil which depends polynomially on the complex parameter λ. Solvability of the parameter dependent boundary value problems were studied in [6] . Roughly speaking, the operator A(λ) is an isomorphism for all complex parameters λ ∈ C except at certain isolated points -the eigenvalues of A(λ) (for precise definition of eigenvalues and corresponding eigensolutions we refer to [6] , [9] ). Consequently, the resolvent
−1 is an operator-valued, meromorphic function of complex number λ with poles of finite multiplicity. From the general theory of ADN systems and particular structure of the Stokes problem, we can derive the following proposition (see [5] , [6] and [9] ): Theorem 2.1 (Regularity and expansion theorem). Let A ∈ ∂Ω be such a point on the boundary, where the boundary conditions change, β 1 and β 2 be real numbers satisfying the inequalities
Then the following propositions hold:
•
(Ω) and
(W ), C µ,σ,k are constants depending on the data and the system of corresponding singular functions Ψ µ,σ,k is given by 
where
Rewrite the Stokes system (2.3)-(2.4) using the polar coordinates (r, ω) and the substitution r = e ξ to the system of the form
2 and H ∈ W 1,2 (S). Applying the complex Fourier transform F ξ→λ with respect to ξ, we get the following system of three ordinary differential equations depending on a complex parameter λ with unknown functions w 1 , w 2 and Q −ν
that holds in the interval I = (0,
(I). Denote by A(λ) the differential operator with complex parameter λ corresponding to (2.5). Now (2.5) can be treated as the operator equation
Mixed boundary conditions. Introducing the polar coordinates and using the Fourier transform we modify the mixed boundary conditions to the transformed form
Denote by B(λ) the operator of the boundary conditions (2.6) and define the operator A(λ) = [A(λ), B(λ)] corresponding to the mixed boundary value problem depending on the complex parameter λ in the strong form
The general solution. T of the equation
, where the fundamental system of the solution is given by
if λ = 0. Remark that λ = 0 is not an eigenvalue of A(λ). Calculation of the eigenvalues of A(λ). Substituting the general solution into the mixed boundary conditions (2.6) leads to the linear homogeneous system of four equations for four unknowns C 1 , C 2 , C 3 and C 4 . The system admits a nontrivial solution if and only if the determinant of the corresponding matrix vanishes, i.e.
. Calculation of the determinant (2.8) leads to the equation
The roots of the equation D(λ) = 0 are the eigenvalues of A(λ). 
Define the so called conjugate exponents p 0 and γ 0 , p 0 = 2 Im λ0+2 (≈ 3.087930) and
(Ω) be the uniquely determined weak solution of (1.2)-(1.5) for given f ∈ (V 1,2 ) * . Note that the theory of Kondrat'ev developed in [5] 
(Ω), where δ is a small positive real number. Let p 0 and γ 0 be conjugate exponents defined by Remark 2.2. Now, based on the Theorem 2.1 and Remark 2.2, we can formulate the regularity results for the Stokes problem (1.2)-(1.5):
, and let (u, P) be the weak solution of
, where ε = min {1, 2 − 2/p}, and the following estimate holds
(2.11)
, with an arbitrary < 2/p − Im λ 0 and an arbitrary small positive real number δ, admits the decomposition near the corner point A
where the regular part [u reg (r, ω),
has the maximal regularity allowed by the right hand side and the coefficients C i are determined by
, 
where we have used embeddings of weighted spaces [9] and standard Sobolev embeddings. Since β 0 > 2 + Im λ 0 − 2/p, we can write 2p/(2 + pβ 0 ) = p 0 − δ, where δ is an arbitrary small positive real number and ≡ 2 − β 0 < 2/p − Im λ 0 .
The steady Navier-Stokes system
We prove that the operator N corresponding to the Navier-Stokes problem is Fréchet differentiable at u ≡ 0 and the Fréchet derivative G 0 = DN | u≡0 coincides with the Stokes problem. Applying the local diffeomorphism theorem, we prove that the solution of the Navier-Stokes problem has similar regularity as the solution of the Stokes problem if the norm of the given body force is "small enough". Let u, v, w ∈ V 1,2 . Define a trilinear continuous form b by Proof. Since
The smoothness of G u ∈ C(D p ) is obvious. and there exists a constant c such that 
From (1.1) we have ∇P = f + ν∆u − (u · ∇)u, hence, 
